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Abstract 

Ventilated structural components, such as ventilated concrete slabs 

(VCS) and ventilated masonry block walls can be used to actively 

store and release thermal energy by passing air through their air chan-

nels. In this paper, lumped-parameter thermal models of ventilated 

structural components are presented. The modeling methods include 

frequency response and explicit finite difference. Equations for calcu-

lating the mean temperature of the air flow are provided. In the fre-

quency response approach, discrete Fourier series in complex fre-

quency form are used to model the boundary excitations, such as the 

surface temperature variation and heat flux from air flow. In the 

treatment of air flow, including the activation of air flow based on 

VCS temperature and its heat injection as internal source in the VCS, 

thermal network techniques such as Thévenin theorem and Y-

diakoptic transform are applied. In explicit finite difference approach, 

the thermal behavior modeled by multi-layer dense discretization 

scheme is compared with that by 2-layer and 3-layer schemes. The 

simulation results from frequency response and explicit finite differ-

ence approaches, the comparison between them, and the comparison 

with experimental data are presented. 

1 Introduction  

Thermal energy storage (TES) with appropriate control strategies can reduce the space cool-

ing/heating energy consumption and peak demand of buildings (Dincer 2002, Howard and 

Fraker 1990, Morgan and Krarti 2007). Ventilated structural components, such as ventilated 

concrete slabs (VCS) and ventilated masonry block walls can be used to actively store and 

release thermal energy by passing air through their embedded air channels (Braham 2000, 

Chen et al. 2010b, Howard 1986). These components can be inherent parts of buildings and 

they are directly in thermal contact with room space, and hence can be referred to as building-

integrated thermal energy storage (BITES) systems. Their thermal behavior interacts with the 

building indoor environment. In order to develop a methodology and guidelines for the design 

and control of BITES systems, the thermal behavior of different systems has to be quantified 

with acceptable accuracy. Numerical modeling is necessary for this purpose but, simple yet 

accurate models are needed to compare the response of BITES systems for a specific building 

on a relative basis and to incorporate the models into whole building simulations. 

Finite difference (FD) models for ventilated concrete slabs have been widely used. 

Zmeureanu and Fazio (1988) presented a two-dimensionally discretized model for a hollow 

core slab, in which the slab cores were simplified as two parallel plates with air passing be-

tween them. Winwood et al.(1997) developed a 5-node one-dimensional FD model for a hol-

low core slab. Storage efficiency (i.e. ratio of potential heat recovered from the air flow) is 
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used in this model. Barton et al. (2002) used a two-dimensional model with denser discretiza-

tion for a hollow core slab. 

In the frequency response (FR) approach, different kinds of models have been devel-

oped for the above methods. Ren and Wright (1998) used a 3
rd

 order (i.e. 3 capacitance nodes) 

lumped-parameter model for a hollow core slab. RC (resistance and capacitance) network 

techniques have been widely used (Akander 2000, Davies 1982). Fraisse et al. (2006) briefly 

described a RC model for a ventilated massive wall. Schmidt and Jóhannesson (2002) de-

scribed a modeling method using RC network for the behavior of thermal energy storage 

(TES) systems with heat transfer fluid flowing. The approach assumes one-dimensional heat 

transfer in the solid (i.e. normal to the fluid flow direction) with constant exterior boundary 

conditions. Both analytical and numerical methods in frequency domain are applied and their 

results are compared. They further extended the study to quasi-two dimensional models 

(Schmidt and Jóhannesson 2004). 

Lumped-parameter modeling avoids the hassles needed for 2- or 3-dimensional dis-

cretization, such as the programming time and potential errors, and computational expense. In 

the analysis of multi-layer plate assemblies (e.g. wall/floor/ceiling) with FR approach, the 

temperatures and heat flux at nodes of no interest do not need to be calculated. The layers be-

tween nodes of interest can be combined and treated as one layer. The magnitude and phase 

angle of admittance or impedance obtained from FR approach of an assembly provides sub-

stantial insight into its thermal behavior (Athienitis 1994, Athienitis et al. 1990, Balcomb and 

Jones 1983). These variables can be readily used for parametric analysis and optimization de-

sign. Frequency response methods can provide significant insights into the thermal behavior 

of ventilated BITES systems, particularly in comparing the relative response of design alter-

natives without simulation. They can also be used in model based predictive control (MPC). 

The motivation of this paper is to develop frequency domain thermal network models for ven-

tilated BITES systems and to compare them with finite difference models.  

FR and explicit FD modeling are applied to on two kinds of VCS systems (Figure 1). 

VCS-a systems have air channels on one side of the slab while VCS-b systems have their hol-

low cores as air channels. The modeling results are compared. The modeling result for the 

first kind of VCS using FD is also compared with experimental data. 

 

(a)     (b) 

Figure 1: Two kinds of VCS studied 

2 Modeling techniques 

This section describes the techniques adopted in this paper for FR and explicit FD analysis of 

ventilated BITES systems. Heat transfer in the building components is considered one dimen-

sional normal to the room-side surface of the slab. 
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Mean air temperature 

The approach for obtaining the mean temperature of air flow in the air channels is as follows. 

For ventilated BITES systems, when the specific thermal capacity of the boundary (e.g. con-

crete hollow core) is much higher than that of air, it is reasonable to assume that the air chan-

nel surface temperature is uniform (Ren and Wright 1998). Chen et al. (2010b) showed that 

the temperature gradient of the slab along the air flow direction is not significant. Zmeureanu 

and Fazio (1988), Ren and Wright (1998), Charron and Athienitis (2006), and Fraisse et al. 

(2006) presented approaches for obtaining the local air temperature along an air path, as well 

as the mean air temperature. Based on their work, further equations are developed for lumped-

parameter models. The equations to be presented can be used for air channels with any air 

path configuration, such as U configuration, and bounded with more than one surfaces.  

The original heat transfer coefficients between the air flow and each of its surrounding 

surfaces ����_��� 	 needs to be converted to surface-area-weighted heat transfer coefficients 

per unit room-side surface area �
��_��� 	. �
��_��� 	 can be obtained by multiplying ����_��� 	 
with its corresponding surface area per unit room-side area of the building component. For 

example, if a building component has 2 
�of hollow cores per unit room-side surface area, 

and the CHTC (i.e. ����_��� ) between the core surface and the core air is 10 � 
��⁄ . The �
��_���  will be 10x2=20 � 
��⁄ . Alternatively, �
��_��� 	 can be obtained with Equation 

(1): 

�
��_��� 	 = ����_	�� 	������  (1) 

given that the heat flux from air to channel surface “�”,  ����_	�� 		, is available. Note that dif-

ferent �
��_��� 	 corresponds to different channel-bounding surfaces/nodes under different air 

velocity (i.e. flow rate). ������  is the room-side surface area of the ventilated component. 

Furthermore, �
��_��� 	 is necessary also because FR simulation is conducted on unit area. 

After equivalent heat transfer coefficients �
��_��� 	 are obtained, the mean tempera-

ture of the air flow can now be obtained using Equation (2): 

� 
��_��� = �!�"� + $ ���%
&_��� − �!�"� ( ∙ $1 − exp$− .�/ ((.�/  (2) 

where ���%
&_���  is the air temperature at the inlet. �!�"�  is the effective boundary sur-

face temperature. .�/  is a coefficient for heat exchange. 

When the air channel is bounded by 0 surfaces 

�!�"� = ∑ $ ����_	�� 	 ∙ �
��_��� 	(�	23∑ $ �
��_��� 	(�	23  

.�/ = ������ ∙4$ �
��_��� 	(�
	23 56���7  

where ����_	��  is the surface temperature of the air channel, where 56��� = 5��� ∙8��� ∙ .9���  with	 5���  being the total air flow rate. 

The outlet air temperature can be obtained with Equation (3): 

��:&%
&_��� = �!�"� + $ ���%
&_��� − �!�"� ( ∙ exp$− .�/ ( (3) 
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Techniques for FR approach 

This section describes the techniques adopted in this paper for conducting FR analysis subject 

to periodic excitation conditions. The analysis period,	;, can be of any time span, from a mi-

nute to a year, depending on the practical need (Athienitis et al. 1987). To perform FR analy-

sis, time domain equations have to be converted to frequency domain equations. These equa-

tions include heat transfer functions and excitation functions (e.g. boundary temperatures and 

heat flux, and internal heat sources). The equations for FR approach in this paper are given for 

unit surface area. 

Discrete frequency representation of excitations 

In this paper, discrete Fourier series (DFS) in exponential complex frequency form are used to 

represent the boundary excitations, such as the surface temperature variation and heat flux 

from air flow. When an excitation is given in a discrete form as follows: 

[��]3>? = [�∆& 	, ��∆&	, �B∆& 	…		��∆& 	…		�D∆&] (4) 

where E = 1, 2… G, is the position index for time series values [��]. It indicates the 

time at which the value is sampled. ∆H is the time interval of data sampling. The function of 

any excitation can be assumed to be even (i.e. symmetric about time origin) since one period 

is of interest. Its complex DFS representation can be approximated using Equation (5). See 

Chen (1983) and Kreyszig (2006) for more details on discrete Fourier series. 

�IJ� � ≅ .L + 24$.� ∙ �M�NO�∆&(P
�23 = .L + 2 ∙4 Q.� ∙ �M��RD �SP

�23  (5) 

where T� = 	2U ;⁄  is the fundamental angular frequency. ; is the analysis period in 

seconds. V = √−1 is the imaginary unit.	X is a positive integer representing how many har-

monics are used in this approximation to achieve desirable accuracy. 

.L = 1G4Q�� ∙ �YML�RD �SD
�23 = 1G4��D

�23  

.� ≅ 1G4$�� ∙ �YM�NO�∆&(
D
�23 = 1G4Q�� ∙ �YM��RD �SD

�23  

Coefficients .L is the mean of all the values given in time series. Each .� calculates 

the magnitude (also called modulus) of the ℎ&�	harmonic, which has an angular frequency of T� = ℎ ∙ T�. The summation term in Equation (5) gives the oscillation about the mean value. 

It is the summation of the harmonics corresponding to different frequencies. To convert the 

complex values back to real values �� ≅ [�\ �IJ� �] 
When an excitation is represented with a DFS (e.g. �IJ� � in Equation (5)), the excita-

tion function comprises of a mean value �̅ = .L , and different harmonics �_�,� ≅ 2 ∙ .� ∙�M�`ab �, where “−” represents mean value, and “~” the harmonics. The final discrete response 

to this excitation is the summation of the response to the mean value “steady-state response” 

and the responses to the harmonics “oscillatory response”, as given below.  

[J� d�e� = [fd�e +4$[gd�e�,�(P
�23  (6) 

where 5[ stands for response in complex frequency domain. 
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The mean value of the response is obtained using the steady-state resistance and the 

mean value of the excitations. Take the mean heat flow response at surface 0 of the N-layer 

assembly for example: �̅L3 = d �fL3 − �f%h e [3←h⁄ . The final response can be obtained using 

Equation (6): �LJ�_3 � = �̅L3 + ∑ $ �jL3 �,�(P�23  and �3 � = [�\ �3J�_3 �] in real values. 

If there is more than one excitation, the total response to all excitations will be the 

summation of different responses due to different excitations by superposition (based on the 

assumption of that we have a linear system). 

Thermal response in complex frequency domain 

Complex frequency transfer functions were developed for solid bounded by two paral-

lel planes (Carslaw and Jaeger 1959, Kimura 1977) (also called two-port network method 

(Athienitis et al. 1985)). Using these transfer functions, the oscillatory thermal responses (i.e. 

two pairs of temperatures and heat fluxes) on the two opposite surfaces of the solid can be 

easily obtained if any two of the four variables are given, without discretizing the solid. The 

two given variables are considered as excitations, and represented with complex DFS as de-

scribed above. 

Equation (7) shows the matrix expression for calculating the oscillatory heat flux and 

temperature at surface k = 0 due to excitations on surface k = m of layer n within an assem-

bly. It is important to note that the values in the excitation vector are the oscillations of differ-

ent harmonics. 

o �gL� �,��jL� �,�p = [q]&�	� � o �g%� �,��j%� �,�p (7) 

where     [q]&�	� � = r coshd m� ∙ w�e	 xyz{$ %| ∙}~(�| ∙}~ 	
�� ∙ w� sinhd m� ∙ w�e coshd m� ∙ w�e	� (8) 

where, m�  is the thickness of layer	n, and ��  is the thermal conductivity d� 
 ∙ �⁄ e. w� = ��� ��⁄  , where �� = VT�ℎ	, and �� = �� 8� ∙ .�⁄  is the thermal diffusivity of the 

material d
� sece⁄  of layer n. 

For a layer that can be considered as purely resistive/conductive (e.g. insulation, air 

film), the transmission matrix becomes 	 [q]&�	 � = �1	 [	0 1	� . For an exterior air film,	[ =1 ℎ���⁄ . 

The use of transmission matrix makes the calculation the heat transfer in multi-layered 

plate assemblies (e.g. walls and slabs) straight forward - the overall transmission matrix is 

simply the multiplication of the individual matrix in the order corresponding to their locations 

in the assembly. The theory is that the temperature of the common surface of two adjacent 

layers is obvious the same, and the heat flux through the same surface conserves (Carslaw and 

Jaeger 1959, Pipes 1957). The overall transmission matrix for a N-layer assembly 

[q]&�	3←h � = [q]&�	3 � ∙ [q]&�	� � ∙ [q]&�	B � 		…		 ∙ [q]&�	h � (9) 

where left-hand-side superscript “1 ← �” indicates this transmission matrix is for the 

assembly from layer 1 to layer �, and the temperature and heat flux on surface m of layer � 

are the excitations. 

The overall admittance matrix needs to be obtained by rewriting (i.e. switch the ele-

ments in the excitation and response vectors) the overall transmission matrix: 

Let [q]&�	3←h � = ��� 	 ��	6� ��	�    and    [q]�" 3←h � = ��� 	 �� 	.� �� 	� 
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Then �� = �� ��⁄ ;  �� = 6� − ���� ��⁄ = −1 ��⁄ ;  .� = 1 ��⁄ ;  �� = −�� ��⁄  

For an assembly consisting of N layers of material, the matrix expression for calculating the 

oscillatory heat flux and temperature at surface 0 of layer 1 due to excitations on surface m of 

layer � is Equation (10). If the oscillatory temperature excitations on two opposite surfaces 

are given, the oscillatory heat flow responses on these two surfaces can be obtained with 

Equation (11). For other combinations of excitations, different matrices need to be derived 

(Stephenson and Mitalas 1971). 

o �gL3 �,��jL3 �,�p = [q]&�	3←h � o �g%h �,��j%h �,�p (10) 

o �jL3 �,��j%h �,�p = [q]�" 3←h � o �gL3 �,��g%h �,�p (11) 

Note the sign conventions in the transmission and admittance matrices are different in 

the literature. In this paper, the formulation of admittance matrices defines that heat flux � is 

positive if it flows in the direction pointing from surface at k = 0 to surface at k = m. For ex-

ample, negative �L� � means at time	E, heat at surface 0 is flowing in the direction pointing from 

surface m to surface 0 at layer		n. At the same time, �%� � can also be positive if heat is being 

released from the center of layer n. 

Treatment of heat sources 

To ease the FR analysis of a N-layer wall/floor/ceiling, heat source that are not located at the 

two outermost nodes of the assembly (Figure 2) can be converted to equivalent temperature 

potential or heat flow that can be added to those originally located at the two nodes. Alterna-

tively, the assembly and the heat source can be split into two parts that after the split are ther-

mally linked only with the temperature difference of the two nodes. These two approaches 

will be described in the coming two sub-sections. In this paper, the two outermost nodes, such 

as the room air node and soil node shown in Figure 1 , are labeled as 0 and L. The heat 

sources include the transmitted solar radiation absorbed by the slab top surface, heat flux from 

heat transfer fluid in the channels, and electrical wires that are embedded in the slab 

Thévenin theorems for heat sources transformation 

 

Figure 2: Transformation of thermal network (node 0 is the outer surface of assembly 

“� ← ���”, while heat source node sc is at opposite surface of the assembly) 

Heat flux can be converted to equivalent temperature potential using Thévenin theorem from 

electrical circuit network theory. The conversion is similar to process of obtaining the solar-

air temperature (ASHRAE 2009) which is commonly used in building simulation and design. 

Equation (12) can be used to calculate the oscillatory part of the potential. See Figure 2 for 

network illustration. The mean value part can be obtained in a similar way. See Equation (9) 

for the definition of [q]&�	3←	�L �3,�. If a purely resistive layer laid between node 1 and source 

node (i.e. Node-sc), [q]&�	3←	�L �3,� equals to the resistance of this layer. 
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�g
��_L3 �,� = �j	� �,� ∙ [q]&�	3←	�L �3,� + �gL3 �,� (12) 

Y-diakoptic method and heat flow division  

In ventilated BITES systems, the activation of the air flow (i.e. fan on-off) depends on the 

temperatures of the available inlet air and the system itself. Generally, the air flow is activated 

if the temperature of the inlet air is certain degrees higher that of the BITES system. Further-

more, the heat exchange between the air flow and the system depends on the temperature dif-

ference between the air flow and the air channel surface. Therefore, the temperature of the 

channel surface is desired for the above two purposes.  

Since the slab capacitance is common to its two outermost surface nodes with time-

varying temperature, assigning the heat flux from air into these two nodes needs special 

treatment. Athienitis et al. (1985) applied Y-diakoptic method (Y represents admittance) in 

the transformation of a wall, which is common to two dynamic thermal zones, into two self-

admittances and one transfer-admittance. After this transformation, each original wall surface 

is connected to one equivalent self-admittance �
��_	%�_L3←	�L �	and an equivalent heat source (node 

0 from Figure 2 is used as the outermost node for demonstration). The heat source is the 

product of the equivalent transfer-admittance �
��_&��_L3←	�L � and the temperature difference be-

tween the two wall surfaces. In this case, the internal heat sources are split into two external 

sources, and the two original wall surfaces can be treated separately. 

�
��_&��_L3←	�L � = [q]�" 3←h �3,� (13) 

�
��_	%�_L3←	�L � = [q]�" 3←h �3,3 + [q]�" 3←h �3,� (14) 

For FR analysis on (b) type of ventilated building components, the component is di-

vided into two parts at the level where the heat sources is located. The equivalent admittances 

of each part can be determined with Y-diakoptic method. The process of obtaining the heat 

flux from the air flow �	�J� � 	is iterative. With an initial guess value of the channel surface, the 

heat flux �	� �	in real value can be calculated when the temperature of the air flow is high 

enough for its activation. When there is no flow, the heat flux is zero. In each iteration, the 

heat flux from the air flow is also represented with complex DFS. The heat flux from the air 

flow is divided into two portions for the two outermost nodes using current division (Bird 

2007). The total heat flux into node 1 is then calculated using Equation (15). After that, the 

outermost node temperature can be calculated from heat balance at that node. With the known 

heat flux and temperature of the outermost node, the channel surface temperature can then be 

updated (Equation (16)). For the oscillatory part of the total heat flow to node 0: �jL3 �,� = �
��_	%�_L3←	�L � ∙ �g
��_L3 �,� + �
��_&��_L3←	�L � ∙ $ �g
��_�h �,� − �g
��_L3 �,�(
+ [q]&�		�h←h �3,�−� [q]&�	3←h �3,�� �j	� �,� 

(15) 

where �g
��_�h �,�  represents equivalent oscillatory temperature of the other outermost 

node � on the opposite side of assembly “1 ← �”. 

o �g	� �,��j	� �,�p = [q]&�		�L←3 � o �g
��_L3 �,��jL3 �,� p (16) 

The final heat flux into node 0 in complex frequency form	 �LJ� � = �̅L +∑ $ �jL �,�(P�23 . 
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3 Numerical models comparison 

The two kinds of VCS are analyzed in this paper (Figure 1). Their cross sections are trans-

formed into the two equivalent cross sections shown in Figure 3 by removing the space for the 

air channels. The transformed cross sections have the same cross section area as the original 

ones. Treatments of the effective capacitance of radial cross section are given by (Barton et al. 

2002, Ren and Wright 1998). Figure 3 also shows the thermal networks of these two kinds of 

VCS. In the FD approach, two discretization schemes are applied to VCS-a in Figure 3 – the 

multi-layer dense discretization scheme and 2-layer scheme. The number of layers in the mul-

ti-layer scheme depends on the thickness of the slab and the chosen value of the Biot number 

(0.05 is chosen in this study). For VCS-b, 3-layer scheme is applied based on the study of the 

discretization schemes for VCS-a. The source-level node is located at the center level of the 

air channels in the original cross section. The air channels do not have to be at the center of 

the cross section. 

 

(a)       (b) 

Figure 3: Thermal networks of the two kinds of VCS (Figure 1) after transformation 

An iteration technique is applied in solving the heat balance equations. Previously 

guessed/calculated surface temperature can be used to calculate the heat injection from the air 

flow. The surface temperature in the next iteration is updated after solving the heat balance 

equations in the slab for current iteration. This procedure is repeated until convergence crite-

ria are satisfied. For VCS-a, the treatment of the heat flux from the air flow uses the Thévenin 

theorem transforming method, while, Y-diakoptic method is for VCS-a. 

The developed FD models can be subject to periodic and non-periodic excitations, 

while the FR mode is used under periodic excitations. When the models are subject to period-

ic excitation, initial conditions are not needed. The thermal response of the slabs can be ob-

tained through iteration. In each iteration, the temperature of the air channel surface is updat-

ed, so is the heat flux from the air flow. 

Figure 4 shows the selected excitation profiles for the analysis. Soil temperature is set 

at 11 °C. The flow rate for the hot air flow is 0.2 m
3
/sec if the fan is activated. The simulation 

periods are chosen to be one day (the first day) and two days. The thermo-physical properties 

of concrete are assumed as follows: specific heat is 840 J/kg/K; density is 2200 kg/m
3
; con-

ductivity is 1.7 W/m/K. The conductance of the insulation is 0.5 W/ m
2
/K. The surface di-

mensions of the slab are assumed to be 10 meters long and 3 meters wide. 
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Figure 4: Artificial excitation profiles 

Modeling comparison for VCS-a 

Simulation results for (a) type of VCS are first compared between a multi-layered FD 

model and the FR model with 60-second time step. After that the simulation results for the FD 

model with different discretization schemes and time steps are compared. At the end of the 

sub-section, the simulation results from a 2-layer FD model are compared with experimental 

data. Figure 5 shows the simulation results from both FD and FR models for VCS-a. 10 har-

monics are used in the FR models. The simulation profiles are close to each other – the max-

imum temperature difference is 0.6 °C for the bottom surface of the slab. This closeness is 

also shown under dramatized excitations (i.e. the mean values and amplitudes of excitation 

are magnified to extreme values).  

 

Figure 5: multi-layer FD model vs. FR model (time step of 60 seconds, effective slab 

thickness of 0.2 m) 

Simulation results for the FD model with different discretization schemes and time 

steps are compared. Comparison shows that 2-layer discretization scheme with time step of 

half an hour is adequate for providing satisfactory accuracy. The differences between them 

and the FR modeling results with 60-second time step are less than 5% of the FR results. Fur-

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48
0

10

20

30

40

0

10

20

30

40

Room air temp.

Available inlet air temp.

Transmitted solar rad.

Time (hr)

T
em

p
er

at
u

re
 (

C
)

H
ea

t 
fl

u
x

 (
W

/m
^
2

)

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48
14

16

18

20

22

24

26

Outlet air (FD)

Outlet air (FR)

Slab bottom (FD)

Slab bottom (FR)

Time (hr)

T
em

p
er

at
u

re
 (

C
)

http://esim.ca Page 346 of 614 May 1-4, Halifax Nova Scotia 

Proceedings of eSim 2012: The Canadian Conference on Building Simulation 



thermore, the difference is reduced as simulation period becomes longer. For FR models, time 

step of 1 hour is sufficient in providing results with acceptable accuracy. The differences are 

less than 2% as compared to the simulations with 60-second time step. 

FD mode with 2-layer discretization scheme is used to simulate the thermal behavior 

of an (a) type VCS which is constructed and in use. The VCS slab is located at the basement 

of an energy-efficient solar house “EcoTerra”, which has annual energy consumption about 

10% of typical home (Chen et al. 2010b, Doiron et al. 2011). The hot air is supplied from so-

lar air collector (Chen et al. 2010a). The data from one day of slab heating operation is com-

pared with the 2-layer FD model. Figure 6 shows the measured excitation profiles. The curve 

“Flow rate on/off” in the figure is only an indicator of whether there is flow. The surface-area-

weighted heat transfer coefficients �
��_��� 	 from the air to the slab and to the soil are derived 

using Equation (1). The heat flux from air flow to the slab and to the soil is calculated based 

on measured data (Chen et al. 2010a). The measured values are used as the initial boundary 

conditions for the FD model. The time step for this simulation is 180 seconds, which matches 

the measurement time interval. 

 

Figure 6: Measured excitation profiles 

 

Figure 7: Measured and simulated response profiles for VCS-a 

Figure 7 shows the measured and simulated thermal response of the slab. The simulat-

ed top and bottom surface temperature profiles match well with the measurement, but with 
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obvious discrepancy. The largest difference is at 9 am, where the top surface temperature is 

about 0.6 °C higher than that of the measurement. This discrepancy directly results in the fol-

lowing discrepancy during the slab heating operation (i.e. when air is flowing). There are sev-

eral potential causes for this discrepancy. The first one is that the measured room air tempera-

ture (Figure 6) does not reflect the exact value of the average temperature of the room air and 

the interior surfaces with which the top surface of the slab exchanged heat in the model. The 

thermocouple for the room air is located 1.1 meters above the slab on an interior partition. 

From 6:30 am to 8:30 am, the space heating by forced air system was on. The measurement 

could have been affected by the supply air temperature. The simulated heat transfer from the 

room air to the slab top surface becomes larger than actual value. Second cause may be that 

the thermocouple is not located exactly at the top surface of the slab. It could be up to a cen-

timeter lower than the top surface. Other causes include the imperfect modeling of the bound-

ary condition, such as the heat loss around the edge of the VCS and the CHTC between the 

slab top surface and the room air. See discussion section for treatment of temperature-

dependent CHTC. Nevertheless, the simulation result does not significantly differ from the 

measurement. The thermal energy changes in the slab between 10 am to 4 pm are 9.55 kWh 

by simulation, and 9.92 kWh based the average values of the measured slab temperatures. The 

difference percentage is 4% of the measured value. 

FR analysis is not compared with the measurement because the excitation profiles are 

not periodic. However, the comparison between the FR and FD models indicates that the de-

veloped FR model is capable of providing reliable simulation results. 

Modeling comparison for VCS-b 

Based on the above investigation, it can be concluded that lumped-parameter FR and FD 

models with time step up to an hour can still provide satisfying results. Hence, thermal mod-

els for (b) type of VCS are created using time step of half an hour time. 3-layer discretization 

scheme (Figure 3) is used for the FD model. Figure 8 shows the comparison of the simulation 

results under the excitations shown in Figure 4. Total heat flux from air to slab is 7.65 kWh 

for the FR model and 7.83 kWh for the FD model. The maximum temperature difference is 

0.3 °C for the source level of the slab, and 0.3 °C for the outlet air. These two models provide 

similar results. This indicates that the modeling techniques (i.e. Y-diakoptic method, heat flux 

division, and iteration procedure) of the FR model are successful and reliable. 

 

Figure 8: 3-layer FD model vs. FR model (time step of 1800 seconds, effective slab thick-

ness of 0.2 m) 
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4 Conclusion 

Numerical lumped-parameter models for frequency response (FR) and finite difference (FD) 

analysis have been developed in this paper for ventilated building-integrated thermal energy 

storage (BITES) systems. Useful modeling techniques, such as heat source transformation 

with Thévenin theorems and Y-diakoptic method, and heat flow division are presented. Anal-

ysis of VCS is used for the demonstration of the modeling techniques. The techniques are ap-

plicable to other ventilated BITES systems. 

In this paper, discrete Fourier series (DFS) in complex frequency form are used to rep-

resent the boundary excitations, such as the surface temperature variation and heat flux asso-

ciated with air flow. Since the heat conduction equations are also solved in complex frequen-

cy domain, this representation is simple and efficient. Modeling results can also be readily 

transformed to the time domain. 

FR and explicit FD modeling are applied to two kinds of VCS – one has air channel 

on one side of the slab while the other kind has hollow cores as air channel. The relative error 

introduced by lumped-parameter with large time step has been quantified. 2- or 3-layer dis-

cretization schemes with time-step of half an hour can provide satisfactory results. Compari-

son shows that the simulation results from the lumped-parameter models differ less than 5% 

of that from FR models with 1-min time step. These models are compared with experimental 

data. Furthermore, FD models are useful for validating FR models, and vice versa.  
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6 Nomenclature V   Imaginary unit; 	V = √−1 �   Power [�de  the real part of the complex number. H   Time �   Temperature T� Angular frequency of the ℎ&� harmonic;	T� = 	2U ∙ ℎ ;⁄ . When ℎ = 1, it be-

comes the fundamental angular frequency T� [q]�" 3←h � Admittance matrix of the ℎ&� harmonic for an assembly composed of layers 1 

to N. �g
��_L3 �,� Equivalent oscillatory temperature of surface at k = 0 of layer 1 at time E and 

of ℎ&� harmonic �jL� �,�/ �j%� �,� Oscillatory heat flow of surface at k = 0	��	m of layer n at time E and of the ℎ&� 

harmonic �
��_��� 	 Surface-area-weighted heat transfer coefficient of surface � � 
��_���  Mean air flow temperature 

Acronyms 

BITES  Building-integrated thermal energy storage 

CHTC  Convective heat transfer coefficient 
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CV/CVs Control volume(s) 

DFS  Discrete Fourier series 

FD   Finite difference 

FR   Frequency response 

VCS  Ventilated concrete slab 

Subscripts and superscript 

LHS subscripts: ��
  Admittance �.  Source �m�  Slab H��  Transmission 

LHS superscripts: 1 ← �   Assembly from layer 1 to N �50  Discrete Fourier series representation 5[   Complex frequency response 

RHS subscripts: ℎ  Index of harmonic  E  Index of time (time-dependent values are given in discrete form in this paper) �  Index of surface  
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